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M-Manual computation of Hikkel molecular orbitals y; and of tbcir corresponding orbital 
energies cI involves the solving of a ocular determinant and of sets of linear equations. if carried out 
in the usual manner. Thia time consuming procedure has to be used because the set of n atomic 
orbitals & used is n-fold degenerate. It is shown that the a priori knowkdgc of certain tnatbana~kal 
propertics which the HMOs ‘PJ must satisfy allows the construction of a set of basis functions qI 
(called qualitative molecular orbitals QMO) whii are no longer degenerate (at least inside one ir- 
reducible representation). Starting from such functions 9, one can obtain excellent approximations 
to the exact HMOs ‘I’, and their orbital enagict F, by second order perturbation method.9 and with 
a considerable saving in computing time. 

Trm availability of large scale computing facilities and of tables of simple molecular 
orbitals’ have made obsolete many of the techniques used in manual calculations of 
molecular orbitals. From a didactic point of view this is rather unfortunate and the 
student who relies exclusively on such aids is liable to lose much of the intuitive insight 
into the meaning and workings of even the simplest molecular orbital models, e.g. 
those calculated according to the Hiickcl-schemc2. He will often experience some 
difficulties in reading and in using the output of computations performed with 
readymade programs. 5 For this reason it is necessary to have him perform manual 
calculations for at least a few HMO-models of simple n-electron systems. These are 
usually carried out according to a tedious and lengthy procedure, involving the exact 
diagonalization of a matrix and the repeated solution of a system of linear equations. 
In this note we propose a considerably faster method, yielding approximations to the 
exact solution which are of sufficient accuracy for almost all practical purposes in 
theoretical organic chemistry. 

The basis functions of Hiickel molecular orbitals (p[HMO] for a n-electron system 
of n centers are atomic orbitals (AO) 4, (p = 1.2,. . . n) which form an ortho- 
normal set: 

y = CIA + cp+:! + . . . + Cn4n (1) 

(2) 

t C. A. Co&on and A. Strcitwicscr Jr., Dictionary of n-Electron Calculations. Pagamon Press, 
Oxford (1965); A. Strcitwieser Jr. and J. I. Braurnan, Supplenwntol T&les of Molecular Orbital 
CalcJations. Pcrgamon Press. Oxford (l%S); E. Heilbronner and P. A. Straub, HMO-Hkckcl 
Molecular Orbitals. Springer Vcrlag, Heidelberg (1966). 

* E. Htkkel, Grw&i&pc Lr Thcorie rypetittigter und arownztLschcr Verbinduqqtn. Valag Chemie 
Heidelberg (1938). A. Strcitweiwr Jr., Molecular Orbital nVory for Organic Chenulw. Wiky, 
New York (1961). 

* Such programs, among others, are given in : K. Wiberg, Physical Organic Chemistry. Interscience. 
New York (1965); E. Heilbronncr and P. A. Straub Ref. I; Programs can be obtained from: 
Quantum Chemistry Program Exchaqe. Department of Char&try. (Dr. F. Proaur) Indiana 
University, Bloomington, Indiana. 
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With respect to a suitable energy operator #‘the AOs 6, (assumed to be real functions) 
yield the matrix elements 

H LV = 
I 

@V. dv (3) 

For unsaturated or aromatic hydrocarbons, zeroth order HMO-theory postulates 
that 

H,, = a, H,, = B (4) 

for all centers p and all bonds ,u, Y between nearest neighbours. H,, is set equal to 
zero for non-bonded pairs of centers. 

According to (4) the AOs A, 4%. . . . , & define a basis which is n-fold degenerate. 
Therefore, the corresponding eigenvalue problem, 

sV=V (9 

leads, according to the rules for perturbation treatments of highly degenerate systems,’ 
to a secular determinant of order n: 

,IH,, - &bC.ll = 0 (6) 

This is often transformed into its quivalent standard form, the so called Htlckel 
determinant 

I’B,, - x&II = 0 (7) 
where B,, = 1 for bonded centers p. Y and B,, = 0 otherwise. The solution of (7), 
that is the n eigenvalues x,, x2, . . . , xJ, . . . , xn which define the orbital energies 

EJ = a i- xJp (J= 1,2,...,n) (8) 

and the coefficients cJr underlying the corresponding linear combinations (HMCk) 

tpJ = cJl& + cJr’$o i . . . + cJll+I, (9 

are easily obtained with the help of modem computing facilities, even for high orders 
of n. 

In all textbooks on the subject, essentially the same procedure is recommended for 
obtaining &J and 'pJ by hand. The necessary Steps are: 

(I) The Hilckel determinant (7) (written in terms of x) is expanded into a poly- 
nominal P(x) of order n. 

(2) The n roots of the equation P(x) = 0 are computed. 
(3) The coefficients c Jp of the linear combinations (8) are obtained by solving the 

secular quations for each root xJ. 
Factorization of the determinant (7) may precede step 2, if the system has the 

appropriate symmetry. A desk calculator is needed for performing the lengthy 
computations involved in steps (2) and (3). 

This procedure implicitely assumes that the only information available opriori for 
obtaining the HMOs of a given n-electron system is that which is needed for the 
establishment of the Hiickel determinant: e.g. the topology of the n-electron system. 
However, this is not the case: It is well known that for mathematical reasons the 
HMOs must comply to a series of rules, some of which can be summarised as follows:6 

’ L. Pauling and E. B. Wilson. InrroducGon fo Quunrum Mechanics. McGraw-Hill, New York (1935). 
b A more complete set of rules has been given by: M. J. S. Dewar. J. Amer. Chcm. Sot. 14, 3341. 

3345, 3350, 3353, 33SS, 33S7 (1952). 
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such that the coefficients aJ# are either -i 1, - 1 or zero. NJ is the appropriate 
normalisation constant. Such functions pJ will be called “qualitative molecular 
orbitals” (QMO). 

(2) Incorporate as many of the rules u to 8 as possible into the set of basis functions 
g?J. Due to the incorporation of the rules u tog, the QMOs qJ in themselves will turn 
out to be in many cases useful, if somewhat crude, approximations to the set ofexact 
HMOs QJ. Especially from a didactic point of view the construction of such QMOs for 
a series of simple model systems will yield considerable intuitive insight into the 
workings of HMO theory. Examples will be given in the next paragraph. 

(3) Make sure that the basis set is complete, that is that the qJ are linearly 
independent. (This condition is automatically satisfied if the rules u to g are applied 
correctly). 

It is easy to show (and in a way rather obvious) that such QMOs will have the 
property that members e J belonging to the same irreducible representation (symmetry 
type) are no longer degenerate, i.e. that their energies 

EJ = 31 -L yJ@ (13) 

are all different. (We assume for the moment that the system has no symmetry 
elements of order higher than 2). 

Qualitatice Molecular Orbitals (QMO) 

We introduce the following definitions and symbols: If in a particular QMO QJ 

two bonded AOs 4* and 4, occur in the linear combination (12) with the same 
(opposite) sign, we call this a bonding (antibonding) interaction between nearest 
neighbours. If either 4,, or 4, (or both) are atTected with coefficients zero, the inter- 
action is non-bonding. AOs affected with opposite sign are represented graphically 
by contrasting colours (here open and filled circles). Bonding, antibonding and non- 
bonding interactions are given as: 

3-C o-0 C-i 

bonding antibonding non-bonding 

(Nodes through AOs are represented as vertical dotted lines). 
Let Zb, ZI and Zn be the number of bonding, antibonding and non-bonding 

interactions in a given QMO. If Z is the number of bonds in the system, we have 
obviously 

Z=q’Zb+Zn (14) 

(the number of nodes across bonds is Z and the number of nodes through centers 
usually Z, ,*.) 

The normalising factor NJ of the linear combination FJ (12) is equal to the 
inverse square root of the number of coefficients aJ, different from zero: 

1 NJ = (; laJr()-"' ( (15) 
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It is easy to show that the energy E, (13) associated with a given basis function 

vJ is 

EJ = 
I 

~JX~J dv = a+ &INJYZ~ - L) (16) 

or according to (I 3) 

mY1”ZNJP(Zb-- (17) 

Example A. We give as a first trivial example the QMOs for the altemant chain 

of six AQs (“hexatriene”): ZHf CH-;H-CH-?H-CH,. 

J Sym. N, Zb Z. Z. YJ 
__ .._ -_. ..- ..--_ .--. . ..- -.. .--.. 

6 p. .-O+a-+:; B l/\ 6 0 5 0 -Ii 
5 Qb *-:: -SC+. A l/h I 4 0 -1 

4 p, a.-.! _o.-*i _ (1 B t 0 1 4 -t 
3 ‘F, •-~-~.-~-_~ l A 4 I 0 4 t 
2 I, +&+C-c: ,c-; B l/t’6 4 1 0 I 

I V:I *e-++W-O A l/k’6 5 0 0 Ii 

The choice of basis functions q1 is obvious: q1 is determined by rule b and its 
alternant basis function qI according to d, that is by changing the signs on all unstarred 
centers. Rules c andfrequire e4 and hence qs (according to d). Finally q8 has to have 
two nodes (rule c) arranged symmetrically (rule I) and again q, follows from d. 
There are two reasonable choices for q3 with coefficients I, 0, - I, -I, 0, I and 
I, I, -I, -I, I, I of which the former is to be preferred. According to rule a this 
completes the set. 

In the diagram the basis functions have been arranged according to their energy. 
A and B denote whether the diagram for p?J is symmetric or antisymmetric with 
respect to a reflection in a plane through the middle and perpendicular to the center 
bond. The parameters Zb, Z,. Zn and NJ defined previously in formulae (14) and 
(IS) have been indicated. From them the coefficient yJ of the energy EJ is calculated 
according to (I 7). (Example: The coefficient yn of the energy E, of ps is yS = 
2(3)‘4-I) = 11. From (I I) we deduce that ys = -yz = - I ).) 

Another compact way to represent the QMCk qJ consists in listing the coefficients 
aJ, in form of a matrix A - (a,,) which, in our example would read: 

If N = (NJ) is the diagonal matrix of the normalising constants then NA con- 
tains the normal&d coefficients of the QMQs FJ. 

Exumple B. As a second example we give here the QMQs for the hypothetical, 
altemant system of l,Qdehydrobenzene, the simplest nontrivial example for a 

?1 
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n-electron system of Da-symmetry: 

HC_?_ _ ; --•+CH 
5 :a 3 

‘X 

Here simple group theoretical arguments (rule/) are sufficient for the establishment 
of the six QMOs of this system, which has only two sets of equivalent AOs: {I& c$,}. 
(&, A, & 4,). These must transform either symmetrically (s) or antisymmetrically 
(a) under the influence of a reflection in the mirror plane u(x, z) or u(y, z). Of course 
no contribution from (4,. ~$0 can be included in QMOs which are antisymmetric 
with respect to o(x, z). Using a character table for Dzh or simply by inspection we get: 

Behaviour relative to lrrcduciblc Rep. 
Number of QMCk a(x. x) crly, 2) KU 

- . ..__~_ __ - _ 
- 2 5 S B 10 

2 S a 4 
I a s br 
1 a a AU 

QMCk: 

Note that all rules (a) to (g) are satisfied by this set of QMOs. Their A-matrix is: 

A= 
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Example C. As an example of a non altcmant n-electron system we take fulvene 

(symmetry G.) : 

1 

Elementary group theory demands four functions VJ of symmetry type B’ and 
four functions of symmetry type A’. This, together with rules (b, f and g) yields the 
QMOs given below. Notice that the y J do not form a symmetric pattern with respect 
to zero (non altemant system.). 

J SYm N, ZP 28 z. Ya 
--. . .- __.. .-._____. __ ._ 

6 A’ t 0 3 3 -1t 

4 e4 m a . P 
3 

0 
3 es 

G ‘\: 

2 To\ 
9% --- --- 

Y 

B l/d 3 3 0 

A’ i 2 1 3 4 

B I 2 0 4 1 

B l/G 6 0 0 2 

‘1 1 1 I 1 I 
1 0 I -I -1 0 
0 0 1 I -1 -I 
l-l-l 1 I -1 
1 1 -1 -,-1 -1 1 

,o 0 1 .I 1 -I 
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We conclude by remarking that the parameters yJ of our QMOs do already 
constitute a crude approximation to the HMO-values xJ, as shown in the following 
Table: 

A 

-J 
- -_.__ 

hcxatriene 
-.. -. .- 

YJ XI 
1 1.67 1.80 
2 1.00 I.25 
3 @SO @4S 
4 -@50 -0.45 
5 -1.00 -1.25 
6 -1.67 .1&l 

B C 
.- ._-. - .- .-. ._ .- 

1 &dehydrobmzene fulvene 
-. --. ..-- - .-. 

zyf33 :41 LO 2.1: 
1.00 1.00 1.00 1.00 
033 041 @SO 0.62 

-0.33 @41 ooo -@25 
-1.00 -1Go -1.33 - ‘1.86’ 
-- 2.33 2.41 -1.50 -1.62’ 

Obviously the major drawback of a standard HMO calculation is that the ortho- 
normal set of basis AOs +# in the LCAO-MO rp (1) is n fold degenerate, and that it 
leads therefore to a secular determinant of order n. In contrast to this, the equivalent 
linear combination 

tp = c,p?, + c?Qz + * * * Gqn (18) 

is based on QMOs qJ which are not degenerate (at least inside one irreducible repre- 
sentation). Furthermore the interaction terms H,, == /? between bonded AOs & and 
4. (3.4) are large, while the corresponding matrix elements 

h,, -2 
s 

q,x~k dv (19) 

are expected to be small, in view of the close relationship of the q?J to the exact 
interaction free HMOs yJ. We therefore expect that a second order perturbation 
treatment starting from the FJ and their energies EJ will yield approximate orbital 
energies &J’ and approximate functions fpJ’ which will be close enough to the exact 
HMO-values &J and yJ for most practical purposes: 

i QMO Basis HMO’ (approx) H&MO (exact) 

! AO-Basis 

E n fn , 
-Qn- 

__ __ .- yn - AL sen 

I 

/ 
I 

41 43 4n’ . z- -___+ 

n-fold 
dcgcncratc 
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To obtain from the basis qJ the approximations tpJ’ to the true HMOs ‘pJ we 
write for a particular orbital of index R 

making use of second order perturbation theory for the determination of the coefficients 
bltJ and renormalising the linear combination by multiplying with a suitable factor 
Mn. The corresponding energies rn’ = cx f xR’p (c.f. (8)) are calculated according to 

or 
CR’ = ER + z 6~ (21) 

J$R 

I XI0 = YR +J;RAYRJ 1 (22) 

where the AErlJ or the AyrtJ are the second order perturbation due to the interaction 
of qn and 9J under the influence of the operator 2’. Obviously bnJ and AEnJ are 
different from zero only when vn and qJ belong to the same irreducible representation. 

Such calculations yield approximations which arc quite satisfactory for most 
organic chemical applications. They involve only whole numbers or simple fractions 
and can be performed on a slide rule or with the help of a table of squares and square 
roots. The calculations require very little time, especially if only approxima- 
tions to particular orbit& are needed (e.g. the highest bonding and lowest anti- 
bonding HMOs of a system). The procedure is best outlined with reference to simple 
examples. 

In general it will be found that the QMOs FJ deduced from the rules Q to 8 form 
a set of normal&d basis functions pJ which arc nor all orthogonal to each other, 
so that the matrix of the overlaps 

SJK = 
I 
FJFK~~ (23) 

differs from the unit matrix. However, this will not complicate the calculation in a 
noticeable way. Also, in most cases, only a few of the matrix elements SJx with 
J # K arc different from zero. 

The overlaps are computed according to 

a sum which can be carried out by inspection, the products aJ,aKr being either i-l, 
- I or zero. 

Taking hexatriene (A) as an example we find that the overlap S,, between q1 and 
v6 (both of symmetry A) is 

1 
Si, = T6 - d/6 -&l-,+l+l-l+l)=f. 
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The complete matrix S = (SJrJ reads: 

/ 

I 0 
0 1 

The next step consists in calculating the energy crossterms 

kJK = 
I 

q+V~s dv = SJKz $ h,& (25) 

between two basis functions belonging to the same irreducible representation (other- 
wise the crossterm will be zero). The factor 

hJK = N&z z aJ#h (26) 
P .bmded 

lor 

is best obtained as a sum of contributions due to each of the bonds between nearest 
neighbours : 

(27) 

I oh*) 

To determine the individual contributions i(,u, v), the bond pu, Y in 0: J is to be compared 
to the same bond in Q)=. The following situations may arise: 

H *c, O-0 .C--0 e-i 0.i i-0 I- 0 

-e+ - +2 --_ __. ~- 0 0 .-. -._ -2 .- - ,.I _ __ -1 
--_- 

+1 -1 

e3 0 -2 -2 0 -1 -:I +1 -1 

3a 0 -t2 -2 0 -. 1 -1 -1 1 

c-o -2 0 0 -1-Z -1 4-l -1 1 

*i 4-l -1 +1 -1 0 0 +t -1 

C-j -1 .!.l -1 +1 0 0 -1 +1 

i- 0 -il fl -1 -1 +1 --I 0 0 

i-- 0 -, ._I .;1 !.I -I il 0 0 

For example, the interaction terms h,, and h,, for the QMOs vl, vs and ys of 
hexatriene (A) are computed as shown: 

Q3 .-ii--c--:;-+-. 

91 e ------- 
iOr, 4 1 -1 -2 -1 1 

$1 - I - 2 - I _I I) - -’ 
~“6 

RI l --c-o-O-04 

91 - 
-_c---_c 

i(p. 4 0 0 2 00 

hls = (&I&) (0 -!- 0 + 2 + 0 + 0) = ; 
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The complete matrix h = (hJR) for our example reads (reminder: h,, 3 y,): 

14 0 -I/& 0 3 0 
0 1 0 l/v% 0 

-I/V% --l/G 
-4 

b= 0 1 0 0 

0 l/d6 0 -4 0 l/d/a 
f 0 -l/d/a 0 -1 0 

0 -3 0 l/d/6 0 -15 

The second order perturbation terms b nJ and Ay,,, of the formulae (20 and 22) 
are written in terms of the matrix elements SJK and hJK according to well known 
relations,* remembering that hJJ = y,: 

h 
bItJ L: RJ - sIIJyR 

YR - YJ 

Ayt{J = (h rtJ - S,,JY13’ 

yll - YJ 

= bixJ(hrtJ - SRJYR) 

(28) 

(29) 

Ins&on of (28) and (29) into (20) and (22) yields: 

XI-t’ = Yn ,i_ 1 chItJ - SRJyR)t 

J/R YR - YJ 

(30) 

(31) 

For practical purposes it is more convenient to rewrite expression (30) in terms of 
the AOs 4, : 

yQ{’ = cIu’+l + qu’#* + . . . -I- CBn’& (32) 

where the coeffictents cltp’ arc defined as 

CR*’ = Mt,(atJ% +&bu,a.&) (33) 

The expression in parenthesis is compiled first and then the normalisation constant 
Mn is chosen such that 

%I ‘* 1- cg;* .!. . . . + CBA’ = 1 (34) 

While these formulae may seem rather complicated, their application is extremely 
simple as only small rational numbers are involved. For hexatriene (A) the approxima- 
tion x1’ to the coefficient of the true eigenvalue e1 is according to (31) 

x1’ = 13 -i 
d/6 

,. 
(’ - ) - If)* = 

lf - 4 1) - (-1) 
1.83 

* For example: J. N. Munell, 77~ nrory of the Ekctronic Spcrra of Orgadc Moiecuks. Mcthuen. 
London (1 W3). 
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and the linear combination vr’ according to (30) 

1 -- 

From this result (i.e. the coefficients b,, = -0.350, b,, = -0.083) and the 
known values of the coefficients alp, aSr and ak of the AOs 4, in pl, vS and v~, the 
unnormalised coefficients of the AQs 4, in yr’ are computed as follows. (This 
corresponds to the bracket in expression 33.) 

I’ 1 2 3 4 5 6 

9% N1.aI,, -: 0408 0408 0408 0408 0408 0408 

9% - 0.350 N,a,, = -0175 0 0.175 0.175 0 -0.175 

9% -0.083 N+ - -0G34 0034 -0.034 -Dow 0034 -0.034 

unnormahcd c& Tiis ox 0549 TG 0442 0.199 

From these the normal&d linear combination is obtained as 

VI’ = 0.194, + 0.434, -t 053& -t tI53f$, i- 0.434, i 0*19+~ 

In the following table the approximate results y ,‘, x,’ for hexatriene are compared to 
the exact HMO figures 'pJ and xJ. Only the values for the bonding orbitals tpl, vr, vS 
arc given. The others follow from the altemancy principle. 

J CJI 01 CJS 
. .-_. __- .._~ --_ _ _ 

1 
x, = 1.80 VI = 023 0.42 0.52 

x,’ =- 1.83 VI ’ - 0.19 0.43 0.53 
._--.. ._-._ ..-_.- 

.--- 
2 

x, L I.25 V, 0.42 0.52 0.23 

XI ’ - I.28 V,’ = 045 052 0.17 
-._ --. -- 

3 
- 0.45 

x:: - 0.47 
V, : 0.52 0.23 -0.4; 

V,’ - 0.50 0.24 -044 

As can be seen, the approximation is quite sufficient for most practical purposes. 
The calculation becomes almost trivial if the system is highly symmetrical, such 

as the one given in our example B (I,4dehydrobenzene). In this particular case only 
or and 9, (belonging to the irreducible representation B,,) or es and va (belonging to 
B2p> can interact. Furthermore, as et and es as well as ~a and 9;( are paired, altemant 
QMOs, the perturbation calculation needs to be carried out only once, for one of the 
irreducible representations (e.g. for B,,). The rules given above yield : 

x1’ = x, -I’ 
(h,, .- S,,x,)* = 2f (4 - f 1)’ 

x1 - XI r 1. 
- 3 

- 2407 

x,’ = ,!Q .:. h S,,xJ2 

?- -l -- 

@I ; t 3)* 

x4 - x1 : 
LZ 0.407 

p,‘ ;: M, 
( 

ql -1. h,, - Lx, 

x1 x4 
e?c -. 

) 
*WV, - A%) 

y,’ = M, pd + h,, - 81.x. 
x, --- x1 e1 = M,(e, - 4~1) 
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After renormalisation of vr’ and v,’ the results obtained compare favourably to the 
CXaCt HMO-values xJ and tpJ: 

J 
-__ ___ __ -___. -___. 

1 x, z 2.414 VI z @354(h + 9, i, 4, + 43 f @sax4, + 4,) 
1 XI - 2407 VI - @355(+, .t 4, f 4, -I- 4.) i 0497(4, :. 4,) 

- _.__ _ ___. .___ _ __ 
2 x, = 1axl tp9 7.. 05aX4, t 4, -. 4, - 4.) 

x1 ‘-lam *; - @WA - 4, 4, 4,) 

_. 
_-_ 

3 - 0.414 
XT= 0.407 

p, -‘0.X4(4, -- 4,’ - 4, T 4,) 7’ o.GGt~;,,-’ 
tp,' A 0355(4, 48 - 41 -i- 4,) - @497(4, - 43 

All other values follow from the alternancy principle (rule d, formulae (IO), (11)). 
WC now summarisc the actual numerical procedure involved in calculating the 

approximations xJ’ and (PJ', using example C (fulvene). 

STEP I: Derive a QMO-basis for the system, which satisfies rules (I to g. 

This has been done above. The QMOs OJ, belong to two irreducible represcnta- 
tions of the group qr: vr, vs. 9,. q* to B’, qa. v8 to A”. It is useful-but not 
necessary-to rearrange the corresponding A-matrix in such a way that the coefficients 
of the QMQs belonging to the same irreducible representation are in adjacent lines, 
as shown here: 

A:_ ;!!: 
( 1 A’ 

i 

1 1 1 1 1 l 01 

A,. = 
1 1 0 -1 -1 0 q, 

1 

AA- = 
( 

0 0 --1 -1 1 1 Pa 
1 -1 -1 I 1 -1 v4 

o o _l 
1 1 -I lqc, 

1 -I I -1 -1 1 qb 

The matrices Nu. and N,. which would yield the normaliscd QMQ-coefficients 
according to Nu.. Au. and N,. . A*. are therefore: 

,1/h 0 0 0 1, 

STEP II: Compute the overlap matrix s. 
As a consequence of the rearrangement of A, the overlap matrix is obtained in 

a factorised form 
spi 0 ( 1 _________. s = 0 i !I*. 

0 standing for a zero matrix of order 4 x 2. By inspection we obtain from the QMOs: 

1 2 4 5 
3 6 

sn. = 
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STEP III: Compute the interaction matrix II. 

Again II is obtained in a factor&d form: 

b,,. i 0 

( 1 
._.___. _.__ 
0 i h,. 

i 

2 0 ,f -4 

br,. = 
0 I ‘-l/46 --I/& 

-3 -l/G 0 0 
i 

h,.= i-1 
( 1 2 

-4 I/\‘6 0 -14 
Note that the diagonal elements h J, are identical with yJ and the off diagonal terms 
hJK are obtained according to the rules given by matching the individual bonds in 
QMOs qJ and va. 

STEP IV: Compute the coefficients x J’ according to formula (31), Using the matrix 
elements of s and h. 

For our example WC obtain the following values of XJ’, which are compared with 
the correct HMO coefficients xJ of fulvene. (It is noteworthy that our perturbation 
treatment has switched the sequence of the orbitals fp,,’ and v,’ relative to the sequence 
of T&, p6 and that agreement with the correct sequence of states has been obtained.) 

J VJ X,’ xJ Sym. 
-.. _. 

1 2 2w 2.11 B’ 
2 : 1.00 1.00 B’ 
3 063 0.62 A’ 
4 0 -.0.22 -,-0.25 B’ 
5 -14 190 -1.86 B 
6 -1+ -- I .63 1.62 A’ 

STEP V: Compute the coefficients b JK for the linear combination vJ’ (20) according 
to formula (28). using the matrix elements of s and h. 

The coefficients bJK can be collected in a matrix b = (b,d which, in our particular 
example, factor&s in the same way as s or h: 

bg, = 

i 

1 0 -t -+a 
0 I 0 0 

t l/d/6 1 0 
b*- = 

( 1 ‘t t 

-iA6 -I/v% 4 1 

The elements bJJ are set equal t0 one. This iS the factor Of the basis function VJ 

of the same index as fpJ’, as shown in the expression (30). The normahsing factor MJ 
will be taken care of in the next step. 

STEP VI: Compute the coefficients CJ,,’ of the linear combination ‘pJ’ (32) from the 
matrix elements of A and b. 

This is done, according to the procedure outlined above. As shown, the 
coefficients c JL’ of yJ’ are obtained by first multiplying each row K of A by bJK. adding 
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the numbers so obtained column by column and normalising them (see (20) and (33)). 
As the matrix A contains only the entries 1, - 1 and 0, the first part involves only 
additions and subtractions of the b,.‘s. 

For our example C (fulvenc) we obtain: (The values c,, given in the bottom half 
of the following table are the results obtained according to the exact HMO procedure.) 

J 1 2 4 5 3 6 
_- ..-.__ -. - ._... .- .-_.. _.-- 

CJl 0.30 @50 @G 0.41 0 0 
cJI 0.51 050 0.15 -0.77 0 0 

, 
CJI 0.43 0 -037 0.34 -0.61 - 0.36 

, 
04 @3a -0.50 029 -0G3 -0.36 0.61 
cJS 0.38 -050 0.29 - 0.03 0.36 -0.61 
cJ8 Q43 0 -0.37 0.34 0.61 0.36 

-. --_ _-. -.. - --_ --.. --_.. --.. -.. 

cJ1 0.25 050 0.75 0+36 0 0 
CJl 0.52 0.50 -0.19 -. 0.66 0 0 
cJI 043 0 ,0.35 044 - 040 --0.37 
CJd 0.39 -0.50 0.28 .-@lS -@37 060 
cJ6 0.39 -0.50 0.28 -015 0.37 -@60 
cJl 0.43 0 . 035 044 MO 0.37 

(Orbital 5 is of higher energy than orbital 6!) 

STEP VII: Compute charge densities, bond orders etc. according to the traditional 
rules of HMO theory. 

In the following diagrams the results obtained for the charge populations qr’ and 
the bond orders p,,’ of fulvene from the set of coefficients c,,’ given above, have been 
compared with those calculated according to the standard HMO procedure. 

Approximate mcthodc Standard HMO 

Irerake refinement of the results 

If desired, the coefficients cJp’ of tpJ’ and the values of xJ’ can be refined, using the 
same technique as before with ‘pJ’ and x,’ playing the role of the QMOs P;~ and of y,. 
It is of advantage to use a matrix formulation at this stage. Again all numbers will be 
simple rational numbers so that only a few multiplications and divisions are involved 
in the last stages of the computation. Usually a single iteration step will yield values 
for the coefficients of the linear combinations and for tbe approximation to x, which 
are identical to the exact HMO values, inside the usual slide rule precision. 
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If the a,@ are the coefficients t 1.0, - 1 of the 
their normalisation constant, then the matrix 

a - (N,a,,) 

lists the coefficients of the normal&d QMQs vJ. 

s=a.ar 

STRMJB 

AOs 4, in the QMQs QJ and N, 

(35) 
The overlap matrix s is given by 

(36) 
aT being the transposed matrix a. The matrix of the interactions hJh between QMOs 
Q, and vu (27) is obtained according to 

h : . (h,x) == aBaT (37) 
where B is the Hiickel matrix B = (B,,) (c.f. (7)) of the n-electron system. From the 
entries in s and h we calculate the elements bJK (28) of the matrix b = (b,K) as shown 
above (STEP V of the procedure, page 14). These quantities define the improved 
linear combinations Q,’ (30) 

Q,’ = M,Ib, e K K R - &‘dr 
P 

which we have shown to be good approximations to the HMOs Q, . M, is the normal- 

isation factor M, = (~~b,Kb,LaKlr)-liz, which however is calculated more conven- 

iently according to the procedure outlined above that is as M,* = 
If we define the matrix ( 

;(Fb,K%)*). 

B = (M,b,.) (38) 
then the matrix c’ = (c,@‘) of the coefficients c,#’ in the linear combination Q,‘ can 
be written as 

c’ = @,$ (39) 

We now substitute the QMOs FJ in the method given in the previous paragraph 
by the improved orbitals Q,‘, and we compute the matrices s’ and h’ which take the 
place of s and h (36 and 37): 

s’ = &3’ (40) 
h’ = c’B@ = PST (41) 

If the elements of S’ and h’ are now used in the expressions (30) and (31) (note that 

h,,’ := x,‘) in exactly the same way as those of s and h, one obtains excellent approxi- 
mations to the exact HMO values of the coefficients c,, of QJ and the corresponding 
eigenvalue x,. We show this without further comment for the example C fulvene. 
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a= 

1 0 

0 1 
s= 0 -l/d/a 

0 l/h 
0 0 
0 0 

2 0 

!$ -l’l\ra 

-) l/d/6 
0 0 
0 0 

0 0 0 0 

-l/d& l/h 0 0 
1 -f 0 0 

-4 1 00 
0 0 1 0 
0 0 0 1 

-4 -Q 0 0 

-l/\/i l/A 0 0 
0 0 0 0 

0 --If 0 0 

0 0 0 0 : -t 

‘l/d% I/d/a l/V% l/v’6 l/V’6 l/d6 

4 t 0 _- 4 -_. b 0 

l/V’6 .-l/h - l/h l/d/a l/d/6 -. l/V% 

l/v’6 -l/d6 l/d/k -l/d/a -l/h l/d6 

0 0 -4 
4 0 0 t -t 

2.108 0.027 0+028 -@122 0 0 
0.027 1 *ooO 0 -0.148 0 0 
0.028 0 -0-258 0.043 0 0 

-0.122 -0-148 0.043 - 1.729 0 0 
0 0 0 0 @618 -0.02 
0 0 0 0 -0.029 - 1.61 

0.295 0.510 O-430 0.376 0.376 0.430 
0.500 0.500 0 -0.500 -0.500 0 
0.733 -0.147 -0.367 0.293 @293 0.367 
0.415 -0.771 0.341 -0aO -0.030 0.341 

0 0 0.606 @364 -0.364 -0al6 
0 0 0.364 -0a6 0606 -0.364 

M27 0.047 0 0 0 
OG27 l~C@O 0 -0.148 0 0 
@047 0 1xlOo 0.150 0 0 

0 -0.148 0.150 1WO 0 0 

9 
8 
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The following improved approximations xJm and c_,#” to the correct HMO- 
qUi3nhkS xJ and CJ,, are obtained, if the entries s J K' and h JK’ of the matrices s’ and b’ 
are used in the formulae (31, 28 and 33) instead of the corresponding imprimed 
quantities. 

J Ya XI’ bJ’ aa XJ 
..- -- - _-. .- .- .- -- _-_ - 

1 2axI 2.089 2.108 2.115 2.115 
2 1~ooO 1mO laxI l.ooO 1tXXI 
3 0 -0.222 -0.258 - 0.2s4 -@2W 
4 - 1.333 -1904 1 .-I29 - 1.855 .-1.861 

5 05a3 @625 0.618 0.618 0.618 
6 -. I*500 - I .625 - 1.618 --1.618 I.618 

0.247 0.526 @431 0.382 @382 0.431 
0.500 0500 0 -0500 -0500 0 

C’ 0.745 -0.197 -0352 0.283 0.283 --0.352 

0.355 - 0664 @439 - 0.155 --@IS5 0.439 
0 0 Om2 0.372 -0.372 -0602 
0 0 0.372 - 0602 0602 0.372 

0.247 0.523 0.429 @385 0.385 0.429 

0.m @ml 0 ..0500 -@Km 0 

C- 
0.749 -0.190 0.351 0280 0280 0.351 

0.357 -0664 0.439 . ..0.153 -0.153 Q439 

0 0 0602 0.372 -0.372 0602 
0 0 0.372 - 0602 oa2 .@37.? 

A comparison of XJ' with xJ and of C’ with C shows that the approximation so 
obtained is excellent and quite sufficient for most practical purposes. 

This work was supported by the Schweizerischer Nationalfonds (Projekt Nr. 3745). 


